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Introduction
Edge-based finite elements (FE) are useful in modeling electromagnetic phenomena because of their correct physical sense. Furthermore, it has been shown that better approximation of the solution may be obtained compared to nodal-based FE [Webb, 1993] . The incomplete first order edge finite element is commonly used in electromagnetic modeling. The degrees of freedom are line integrals along the edges in the mesh. However, knowledge of the nodal field values remains necessary for various reasons. Maximal values located at the interfaces can be required to predict possible electric breakdowns. Nodal values may be necessary to achieve some additional computation: induced currents in the conductors, dual field, source term for coupled problem (magneto thermal), … [Zhao et al, 2000 , Sekkak et al, 1994 . Post processors for visualization are usually based on the nodal representation of the fields.
For vector finite elements, two techniques are commonly used to compute nodal values from degrees of freedom [Volakis et al, 2000] : -Only nodal values inside an element are computed from its edge values. However, this method doesn't give a unique value on its boundary, namely on the vertices.
-An average value of the nodal field is evaluated on each node and for each region by taking into account the contribution of all the elements connected to the considered node [Dibben et al, 1997] .
The objective of this paper is to propose a method to compute accurate nodal values at the vertices of a tetrahedral mesh. Our approach is validated on a FE formulation for open boundary frequency domain problems. Spatial discretization is achieved using incomplete first order tetrahedral edge elements [Yao Bi, 1996] .
Reference method
A first and simplest method consists in computing local node values on each element of the mesh from the edge values by means of the local edge basis. As explained by (1), a value at a node is then obtained as an arithmetic mean involving the elements containing the node. For a node at the interface between two regions, two values are obtained by averaging the field values separately in each region. It is taken as reference in the following (method 1).
m is a node which belongs to n T elements. 
θ is a weight such that 0 . The limit case 1 ≤ θ < 1 θ = , for which the bilinear form , θ does not remain a scalar product on H(curl; Ω ), is tackled in the later.
By definition of the norm deduced by (4), the gap between vector fields and E is E h 1/ 2 2 2 e e E E (1
By minimizing E E θ − , according to the choice of the weight θ, good approximation E* of as well as preserving of the "circulation" along the edges may be expected. E
The linear system to solve
For the norm defined by (5) with 0 1 ≤ θ < , the minimization problem (2) is a least squares problem with a unique solution E*. Moreover vector field E* is the orthogonal projection of into the space V E h for the scalar product (4). The unknown field E* can be decomposed as: to the scalar product , θ , is given by:
Then, is real symmetric and positive definite for 0 A θ 1 ≤ θ < . The right-hand side b θ is given by:
Numbering the unknowns according to the 3 components on the axes, the nodal basis can be decomposed as
where , i=1 to n is the scalar nodal basis and n the number of vertices. It induces a partition of the matrix into a 3 by 3 block matrix with 9 (n i ϕ A θ n) × blocks:
and similarly for b θ and with 3 (n blocks:
Entries of the matrix
It is convenient to split the system as
Then from (4) and (7), it comes
and from (4) and (8)
From (9) and (13), it is easy to check that is given by:
where M is the usual mass matrix defined by: 
one gets 
The entries of the other blocks of can be easily deduced. The components of the approximate solution are given by: there is no vector field defined on the nodes such that E(c) 0 ≠ for some node c and (E(a)+E(b)).e=0 for any edge e=ab.
In the numerical experiments presented above such a property appears to be satisfied by the meshes. In particular, the necessary condition
is always satisfied.
Results and discussions
In the following, method 1 (local averaging) is the reference method, method 2 (energy approximation) is obtained with θ=0, method 3 (circulation approximation) corresponds to θ=1, method 4 (combination of circulation approximation with energy approximation) is obtained for θ=1/2 , and method 5 corresponds to θ=0 with the mass lumping approximation.
For methods 2, 3, 4, a symmetric quasi-minimal residual method with SSOR preconditioning (PQMR) is used to solve the matrix system A θ ξ= b θ .
The accuracy and the time required for each post processing method are tested on 3 examples.
In the first two examples, numerical results are compared with analytical solutions of scattering of a plane wave by a sphere. Analytical solutions can be found in [Harrington, 1968] and numerical formulations of scattering problems are given in [Yaobi, 1996] . A 50 mm radius -sphere is meshed with 100 nodes on its surface. In the first example (figure 1), the sphere is modeled as a perfect electrical conductor (PEC).
The problem is meshed with 4481 nodes and 22108 tetrahedral elements leading to 28161 edges (294 edges on the sphere's surface). The edge values error, computed with (28), is about 0.067. The total solving time (assembling and solving of the matrix system) with the FE code is about 300s on a HP J5000. Note that the same solver as in the post processing is used (217 iterations of PQMR).
Figure 1
Various relative errors are given in Table I which also contains the post processing costs. On this first example, the methods with circulation approximation (mixed with energy approximation in method 4, pure in 3) give close results and appear to be the most accurate.
From the reference method (method 1) the increase in precision on the nodal vector field is about 0.1. The increase in time (about 21 s) is reasonable as compared with the time required to solve the FE problem (436 s). With method 2 (pure energy approximation), the accuracy gain is roughly divided by 2 (0.048) and disappears when the mass lumping is introduced (method 5). The costs behave in similar ways.
Scattering by a magnetic sphere:
In the second example, the sphere is magnetic with µ r = 3. A discontinuity of the magnetic field at the surface of the sphere is therefore introduced and the interior (region 1) has to be processing is made in the only region 2 (air) according to the analytical solution (Harrington, 1968) .
Similarly as in Table I, Table II gives the results we obtain for each five methods. Compared to the reference method, the least squares methods behave as in the PEC case. 
Academic example:
In order to eliminate the error due to FE discretization, the performances of the post processing methods are finally evaluated on an academic example on the same spherical 
